In this paper, we develop a stochastic model for topology optimization. We find robust structures that minimize the compliance for a given main load having a stochastic behavior. We propose a model that takes into account the expected value of the compliance and its variance. We show that, similarly to the case of truss structures, these values can be computed with an equivalent deterministic approach and the stochastic model can be transformed into a nonlinear programming problem, reducing the complexity of this kind of problems. First, we obtain an explicit expression (at the continuous level) of the expected compliance and its variance, then we consider a numerical discretization (by using a finite element method) of this expression and finally we use an optimization algorithm. This approach allows to solve design problems which include point, surface or volume loads with dependent or independent perturbations. We check the capacity of our formulation to generate structures that are robust to main loads and their perturbations by considering several 2D and 3D numerical examples. To this end, we analyze the behavior of our model by studying the impact on the optimized solutions of the expected-compliance and variance weight coefficients, the laws used to describe the random loads, the variance of the perturbations and the dependence/independence of the perturbations. Then, the results are compared with similar ones found in the literature for a different modeling
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Introduction
Let us consider an open set Ω ⊂ R d , where d is 2 for planar structures or 3 for three-dimensional bodies. The set Ω represents a body that we assume is made of an isotropic, homogeneous and linear elastic material. The boundary of Ω is denoted here by ∂Ω = Γ u ∪ Γ g with Γ u ∩ Γ g = ∅. In this setting, Γ u corresponds to the part of the boundary of Ω where the displacements of the body are not allowed. We assume that external forces f and g are applied to Ω and Γ g , respectively. A graphical representation of Ω is given in Figure  1 . The displacements can be computed (see e.g. [1] ) by solving the following system of partial differential equations:
where u : Ω → R d is the vector of displacements, e(u) = 1 2
(∇u+∇u t ) denotes the linearized strain tensor, K is the fourth-order material elasticity tensor, div(·) is the divergence of a tensor field andn is the outward unit normal vector on the boundary of the domain. We suppose that K ∈ M, which is a set of admissible stiffness tensors, related to the admissible materials we might use. Typically (see [2, 3] ), the set of admissible tensor M is a subset ofM
where V max is the maximum amount of material that is allocated; η(x) is the density of material at point x ∈ Ω; η min > 0, η max the maximum density we may use; and K 0 the fourth-order tensor of a linear elastic isotropic reference material. Additionally, other constrains should be considered in order to obtain physically realizable structures. For example, we would like to avoid structures with intermediate density zones (i.e., η(x) ∈]η min , η max [), and microstructures with periodic variation density. For practical reasons, these constraints are not detailed in the continuous definition of M but they will be taken into account in its numerical implementation (see Section 3) .
In the following, we assume that f ∈ L 2 (Ω) d and g ∈ L 2 (Γ g ) d although less regular external forces can be also considered (see Remark 1 below) Let us define H = {u ∈ [H 1 (Ω)] d | u| Γu = 0}, where the space H 1 (Ω) is the well-known Sobolev space of functions that are in L 2 (Ω) with the first derivatives (in the sense of distributions) in L 2 (Ω). For a given material and its corresponding stiffness tensor K ∈ M, following [2, 4] we define the bilinear functional A K : H × H → R by
where e(u) : Ke(v) denotes the tensor product given by
K ijkl e ij (u)e ij (v).
We recall that a weak solution of system (1) is a vector u ∈ H satisfying
We note that, under suitable conditions on the data (according to Korn's inequality and the Lax-Milgram Lemma [5, 6] ), Problem (1) has a unique weak solution (see [7] for more details).
Remark 1. In this work it is possible to include functions less regular than
) with a suitable alternative weak formulation instead of (4) For the sake of simplicity and without loss of generality, in the following, we only develop the case when g = 0. To recover the general case, the reader should replace ∫
, keeping in mind that the integral notation should be changed by suitable duality products for cases with less regular forces.
We note that, due to the symmetry of operator A K (·, ·), equation (4) (with g = 0) above can be seen as the optimality condition of the following problem 1 2
The optimal value of the problem above is called compliance (see e.g. [2] ) and can be seen as a measure of the global stiffness of a given material. Under this setting the well known minimum compliance topology design problem corresponds to (see [3, 2] )
Our main purpose is to find an optimal material in the set M (minimum compliance) when the external load force has a stochastic behavior. In an analogous way to previous stochastic results for truss optimization (see [8, 9, 10] and the next section), we assume that the external load force f is perturbed by a
(B, F, P) is a probability space 1 , with expected value
Remark 2.
Similarly, when g ̸ = 0, the surface load is perturbed by a
For a given material K ∈ M and a random perturbation ξ of the external load, we have the corresponding compliance
Following [8, 2, 4] , we state the stochastic topology design problem as
where the expected value of the random variable Ψ(ξ, K) is given by
We note that, when the support of the probability distribution is the singleton {0}, i.e. B = {ξ = 0} and P{ξ = 0} = 1, Problem (8) corresponds to the minimum compliance design model (6) . Also when the probability distribution has finite support we obtain the well known multiload model (see [2, 3] ). We recall that the multiload model was proposed in order to take into account several loading scenarios or loads that are applied in different instant of time. This model corresponds to the minimization of a weighted average of the compliance. More precisely, if we consider the functions f i : Ω → R d , for i = 1, . . . , k, and the functional A K (·, ·) defined in eq. (4), the multiload model is given by
1 With this notation B is the sample space, F denotes the σ-field and P its probability measure.
Taking the discrete probability law given by B = {ξ = f 1 , . . . , ξ = f k } and f = 0, defining the weights as w i := P{ξ = f i } (the probability that discrete variable ξ take the value f i ), we get that the previous problem is a particular case of (8) , and therefore, the proposed model extends classical formulations.
In [11] formulation (8) was studied for some choices of the random variable ξ and good results were obtained. From a theoretical point of view, it is showed that the expected value can be computed with an equivalent deterministic approach which reduces drastically the computational cost of computing a solution of the stochastic Problem (8) (see Section 2 for a summary of these results). Numerical experiments have been carried out for some particular benchmarks using the expected compliance formulation (8) . Recently, a new approach based on numerical and Monte Carlo methods has been proposed by Zhao and Wan (see [12] ) in order to obtain robust structures under load uncertainty. In other direction, Allaire (see [13] ) proposes a deterministic method for optimizing a structure with respect to its worst possible behavior. Similarly to the case of trusses (see [10] ) this approach provides solutions which are robust under load perturbations, but for some particular scenarios it may happen that the value of the compliance is too large and this model is no suitable. In order to avoid this situation we propose the following alternative.
where Var is the variance of the random variable Ψ(ξ, K); α, β ∈ [0, 1] are weight coefficients; and E 0 , Var 0 ∈ R denote reference expected compliance and variance values used to normalize E[Ψ(ξ, K)] and Var[Ψ(ξ, K)], respectively. Problems similar to (10) have been studied in [14, 15, 16, 17, 18] applying stochasticity at the nodes of a finite element discretization of the considered infinite dimensional optimization problem. We show here that more general problems can be tackle when working directly with the continuous weak form of (1), in a way similar to [4] and [19] , but without using Monte-Carlo methods or other approximation techniques of the random loads.
We point out that in this work we first obtain an explicit expression of E[Ψ(ξ, K)] and Var[Ψ(ξ, K)] and then discretize it. This allows us to consider design problems including general point, surface or volume loads with dependent or independent perturbations. In other works (see, for instance [14, 15, 16, 17, 18] ) they first discretize Ψ(ξ, K) and then compute the ex-pected and variance values of the discretized problem, being therefore limited by the chosen discretization.
In Section 2 we show the general mathematical framework for solving Problem (10) . More precisely, we give explicit expressions to the expected value and the variance of the functional Ψ mentioned above, and show that the stochastic model proposed here can be transformed into a equivalent nonlinear programming problem. In Section 3, we detail the numerical methods used to solve this nonlinear programming problem. Finally, in Section 4, we illustrate the interest of formulation (10) by considering several 2D and 3D benchmark problems. Therefore, after describing the considered numerical implementation, we introduce four set of benchmark problems to analyze the impact (for instance, variations on geometric or compliance thresholds) on the solutions of (i) the coefficients (α; β), (ii) the law used to describe the random loads perturbations, (iii) the loads perturbation variance and (iv) the dependence or independence of the loads perturbations. Indeed, those four model characteristics were observed in previous literature [2, 8, 10, 15, 16] , considering a different modeling approach, to have an important influence on the characteristics of the solution.
Variance-expected compliance approach for topology optimization

Variance-expected approach
In this section, we study the stochastic topology design problem (10) proposed in Section (1). We show that this problem can be transformed into a multiload like problem in which the loading scenarios are related to the variance of random loads applied to Ω.
Firstly, we consider the stochastic topology optimization problem (8) . In the following, we will consider the set
As said in Remark 1, spaces less regular that L 2 (Ω) d can be also considered. Theorem 1 below gives an explicit expression of Problem (8) which can be directly evaluated. Therefore, a Monte-Carlo algorithm (see [20] ), which is usually numerically expensive, is not necessary to approximate the value of E[Ψ(ξ, K)].
In the following we define the inverse functional
where u is the (unique) weak solution of (1) or, equivalently, (4) or (5) . Then, for a given random perturbation ξ ∈ L 2 (Ω) d and a tensor K ∈ M we have that
Theorem 1. With the notation introduced above let us consider
are random variables such that E(ε i ) = 0, and
where
Proof: By the linearity of the integral and the operator G(·), we obtain
The conclusion follows by taking expected value to the expression above and using that E(ε i ) = 0.
Remark 3.
We note that the expresion (11) can be written equivalently as
and the second term of the right hand side of (15) disappears when the random variables ε i are independent (since E(ε i ε j ) = 0 if i ̸ = j). 
In order to avoid scenarios with too large values of the compliance we consider Problem (10) instead of (8) . We recall that the variance of Ψ(ξ, K) is computed by using the well known formula
We can give an explicit formula of (16) for some examples of perturbation function, as the next theorem shows. 
Theorem 2. Let us consider
Proof: Equations (17)- (22) can be computed directly by using the linearity of operator G(·) and the properties of the expected value. Aditionally, by the linearity of operator G(·), we obtain
Therefore, from (16), we obtain an expression for the variance of the compliance by using identities (17)- (22).
As we mentioned in the introduction this approach can be applied for functions belong to a more general functional space that include for example, surface loads or Dirac-δ functions. This issue and the following results are relevant for the numerical experiences given in the next section.
We recall that, in the particular case in which ε i are independent random variables, with
The following Corollaries shows the particular case of two perturbation functions.
Corollary 1. Using the notation of the previous theorem, let us consider a random perturbation of f given by
In other words,
Corollary 2. Considering the notations introduced in Corollary 1, let us consider a random perturbation of f given by
ξ = ε 1 P 1 + ε 2 P 2 , where the perturbation functions P 1 , P 2 ∈ L 2 (Ω) d and ε 1 , ε 2 are independent random variables, with ε i ∼ N (0, σ 2 i ). Then Var[Ψ(ξ, K)] = σ 2 1 (∫ Ω f · U 1 + P 1 · u dx ) 2 + σ 2 2 (∫ Ω f · U 2 + P 2 · u dx ) 2 +2 · σ 4 1 (∫ Ω P 1 · U 1 dx ) 2 + 2 · σ 4 2 (∫ Ω P 2 · U 2 dx ) 2 +σ 2 1 σ 2 2 (∫ Ω P 1 · U 2 + P 2 · U 1 dx ) 2 .
Proof of Corollary 1 and 2:
The variance of the functional can be computed directly using Theorem 2, (23) and the linearity of the operator G(·). (17)- (22) 
Remark 5. Using Equations
Considered minimization problem formulation
As mentioned previously, we are interested in solving minimization Problem (10) . With the purpose of generating physically realizable optimized structures (see Section 1), we consider the so-called SIMP model (Solid Isotropic Material with Penalization; see [3, 2] ). In this model, the set of admissible tensors is a subset M of the setM , defined by (2) , where the density
p , x ∈ Ω with p > 1. In the previous formula, ρ corresponds to the design function of the considered optimization Problem (10). The reason of using ρ instead of η is that typical solutions have values of η either close to η min or close to η max , with large gradients in between. The change of variable η = ρ p allows to deal with smother solution, easier to be found numerically (see [21] ).
Considering the previous notations, minimization Problem (10) can be rewritten as
such that:
where α, β ∈ [0,1]; and E 0 , Var 0 ∈ R. The importance of the role of α and β and their impact on the solution is discussed in Section 4.2. Additionally, K 0 represents the fourth-order tensor of a linear elastic isotropic material,
; and µ, λ are the Lamé constants of the material (see e.g. [7, 1] ).
However, the proposed definition of the set of admissible tensors in Problem (24) does not prevent that optimized solutions exhibit microstructures with periodic variation densities. As proposed in the literature (see, e.g. [2] ), we tackle this problem indirectly by introducing a computational procedure in the numerical implementation of the minimization Problem (24) presented in the next section.
Numerical implementation of the model
In order to obtain a numerical approximated solution of Problem (24), for a finite representative set of values for (α, β) denoted by Σ, we consider the methodology described below.
To approximate the solution of System (1), we consider a finite element method (FEM), similar to the one proposed in [21] . Regarding the considered benchmark examples presented in Section 4.1, we assume that
cases. Moreover, we consider rectangular finite elements in the 2D cases and octahedral finite elements in the 3D case, built by considering an uniform mesh on Ω of step size ∆ X , ∆ Y and ∆ Z in the X, Y and Z directions (the Z direction only applies in 3D cases), respectively. Furthermore, we denote by M the total number of finite elements and by Θ the set of the considered M finite elements. We note that in [21] and [22] the implementation of the 2D case and 3D case are detailed, respectively. Following the standard finite element methodology, with that mesh we obtain a finite dimensional space V h approximating the infinite dimensional space H, with N = dimV h . Then, the solution u ∈ H of (4) can be approximated by a function u n ∈ V h whose vector {u} ∈ R N of coordinates in the nodal base is solution of
N ×N is the stiffness matrix approximating tensor K and {f } ∈ R N is the load vector containing the coordinates in the nodal base of a function in V h approximating the external forces f and g. Matrix [K] can be written as
N ×N is the part of the stiffness matrix corresponding to element e ∈ Θ. Then, we approximate a density function η :
We consider this FEM approach and a structure submitted to one main load (not necessarily a point load, but also, a surface load or a volume load) and N p independent random functions following a normal distribution [15, 16, 17, 18] ), by considering their explicit expression given in Theorems 1 and 2, and obtain that Problem (24) can be approximated by
such that : ρ = {ρ e } e∈Θ and ρ e ∈ [η
where ρ e denotes the design function value at finite element e ∈ Θ; |e| the volume or area of element e, according to the dimension 2 or 3 of the considered design problem; K 0 denotes the element stiffness matrix for the reference material at element e expressed in local coordinates (i.e., if d = 2 then K e ∈ R 8×8 and if d = 3 then K e ∈ R 24×24 , see [21, 22] ); u e is the vector of the deformations generated by the main load at the nodes of element e expressed in local coordinates (i.e., if d = 2 then u e ∈ R 8 and if d = 3 then u e ∈ R 24 ); U i,e is the vector of the deformations generated by the i-th perturbation load at the nodes of element e expressed in local coordinates. Furthermore,
• if the perturbation loads law is N (0, σ 
Optimization Problem (26) is solved by using the Matlab package Global Optimization Platform (freely available at http://www.mat.ucm.es/momat/ software.htm), where N OCM ∈ N iterations of the optimal criteria method (OCM) described in [2] are used as the core algorithm and the initial condition is generated by using N sec ∈ N iterations of a multi-layer secant method. The algorithm runs until the completion of all iterations. A complete description and validation of this methodology can be found in [10, 23, 20] . Here, we only give a brief description of the considered OCM. The evolution of the value of ρ e from iteration i up to iteration i + 1 of the OCM is governed by:
where m ∈ R + is a positive move-limit (i.e., a value that limits the evolution 
More details about the considered OCM can be found in [2, 21] . The solution of Problem (26), with fixed values of (α, β), given by our optimization approach is denoted by ρ (α,β) and the associated density by
Numerical examples
In this Section, we present numerical experiments used to study the behavior of the Variance-Expected compliance model proposed previously. To this aim, in Section 4.1, we detail the considered benchmark structures, the coefficients and the parameters used by the model and the optimization problem. Then, in Section 4.2, we show and analyze the results given by our methodology.
Considered benchmark problems
In this work, Problem (26) is solved by considering four particular sets of benchmark problems, each one focusing on the study of one specific behavior of our model. The first set of experiments, described in Section 4.1.1, is proposed to analyze the impact of the model coefficients (α; β) on the design of solutions robust to main loads and their perturbations. The goal of the second set, detailed in Section 4.1.2, is to present the influence on the solution of the law used to describe the random loads perturbations. Then, with the third set, presented in Section 4.1.3, we check the effect on the solution of variations of the perturbation variance. Next, the objective of the last set of problems, introduced in Section 4.1.4, is to compare the results given by our approach when considering dependent or independent perturbations. Finally, in Section 4.1.5, we give the values of the parameters of the numerical model (presented in Section 3) used to approximate the solutions of the benchmark problems presented in Sections 4.1.1-4.1.4. We also detail the outputs considered to analyze the behavior of the solutions obtained by our approach.
are approximated by considering the numerical implementation described in Section 3 Remark 9. We note that the list of numerical problems studied in this work is not fully exhaustive. The proposed experiments are used to give some preliminary results on the behavior of our model. As said in Section 5, a more extensive numerical analysis could be performed to complete the conclusions presented here.
Robustness of structures regarding (α; β)
Here, we are interested in studying the role of the coefficients (α; β) in the design of solutions resilient both to the main loads and its possible perturbations. Indeed, we have previously observed in [10] that, for a similar model applied to truss structures (which can be considered as a discrete version of the problems solved here), a reasonable ratio between the expected and variance values of the compliance should be considered in order to build structures improved with respect to those obtained with the expected compliance model. By improvement, we mean that we are interested in designing structures with a low compliance value for the main load and with a reduced risk of high compliance in cases of high perturbations scenarios. A phenomenon of mass transfer between trusses supporting the main and perturbed loads was reported. Considering topology optimization, similar studies have been performed in [18, 15] , but with a different modeling approach (as explained in Section 1) and without the analysis of mass transfer phenomenon and risk of high compliance scenarios. Thus, we want to check if, as expected, a similar behavior to the one observed for trusses is observed for continuous structures.
To this end, we consider two particular benchmark structures, presented below, in both 2D and 3D versions. The interest of the 2D approach is to obtain a fine approximation of the solution whereas the 3D case allows to consider an additional perturbation direction and its impact on the structure. Those benchmark cases have been considered as they are some of the most representative ones used in the literature [2, 16, 15] . Furthermore, they were also studied in our previous works considering the truss framework [8, 10] . Thus, we can perform a direct comparison between the results found here and those presented in the literature. More precisely, we consider: a) Michel: This structure, studied in [2, 8, 10] , is a horizontal square cantilever and supports a vertical load.
Considering the 2D version, we study a domain Ω (10, 10, 20) . Furthermore, at this node we consider a random point load ξ = ε 1 P 1 + ε 2 P 2 , with ε 1 and ε 2 following N (0, 1), P 1 = (1, 0, 0) and P 2 = (0, 1, 0). This problem is denoted by DOME3D.
A geometrical representation of the 2D and 3D domains of the benchmark problems explained above is given in Figure 2 .
The solution of Problem (26), with fixed values of (α, β), given by our optimization approach is denoted by ρ (α,β) and the associated density by η (α,β) = ρ p (α,β) . 
Law of the perturbation
As observed in [15] , where the authors apply the model presented in [16] , the law of the perturbations of the loads may have an important impact on the topology of the optimized solution. However, in the example proposed in [15] the differences between the structures generated by considering three particular law distributions (Normal, Uniform and Gumbel) are very slight.
Here, we want to reproduce a similar study by using our model. To this aim, we consider a new benchmark problem, similar to the one used in [15] , whose domain is Ω 
Variance of the perturbation
Now, we focus on the study of the impact of possible changes in the variance of the loads perturbations on the solution. As reported in [15] , significant modifications on the shape of the solution have been observed by considering the DOME2D structure, presented in Section 4.1.1, and the model introduced in [16] .
To carry out a similar analysis with our approach, we consider the DOM-E-2D benchmark case by replacing the law of the load perturbation by N (0, σ 2 ), with σ 2 = 0.5, 2 and 5. For each value of σ, the solution of Problem (26) when considering a particular value for (α, β), is denoted by ρ σ (α,β) and the associated density by η
p . This problem is denoted by DOME2D-A.
Dependence of the perturbations
As said in Section 2, one of the main advantage of our model regarding the one presented in [16, 18] is that it allows to design structures submitted to dependent random perturbations. To illustrate the impact on the solution of considering independent or dependent variables, we study two new benchmark problems. More precisely, we consider a 2D structure, similar to the one presented in [8] ,180), respectively. This general problem is denoted by CLDP2D and is depicted by Figure 2 . Thus, we consider two sub-cases:
• CLDP2D-I: two independents random loads (ε 1 , 0) and (ε 2 , 0), with ε 1 and ε 2 following a law N (0, 1) are applied to the points with coordinates (360,0) and (360,180).
• CLDP2D-D: two dependent random loads (ε 1 , 0) and (ε 2 , 0), with ε 1 = ε 2 following a law N (0, 1) are applied to the points with coordinates (360,0) and (360,180). In this case, we have that Cov(ε 1 ,ε 2 )=1. 
Numerical resolution
The solutions of the benchmark problems presented in Sections 4.1.1-4.1.4 are approximated by considering the numerical implementation described in Section 3 and the representative values (α, β) ∈ Σ := { (1,0), (0.75,0.25), (0.5,0.5), (0.25,0.75), (0,1) } (see [10, 11] ). We set ∆ X = ∆ Y = ∆ Z = 1, η min = 10 −3 , η max = 1, λ = 0.58, µ = 0.38, r min =1.5 and p = 3 (see [21] ); N OCM = 500 and N sec = 5 (see [10] ). Furthermore, the reference coefficients E 0 and Var 0 used in Equation (24) , are set to the expected compliance and variance values of the structure with an uniform density of η = 0.4. This uniform structure is used as the initial point of the optimization algorithm. Values E 0 and Var 0 for Problems MICH2D, DOME2D, MICH3D,  DOME3D, HOBR2D-N, HOBR2D -U and DOME2D-A are given in Table 1 .
Solving a 2D or a 3D case, when considering those parameters with a Matlab 2014a implementation of this numerical model running on a 2.7Ghz QuadCore CPUs with 16 Gb of ram, takes around 1h40mins and 2h40mins, respectively. Moreover, for each case, we also solve numerically the problem of minimizing the compliance value of the structure submitted to the main load g without perturbation load. The density associated to the solution of this last problem is denoted by η comp .
For each benchmark problem, in order to have a qualitative comparison of densities {η (α,β) } (α,β)∈Σ and η comp , we analyze their robustness when they are submitted to random loads and their density distribution. For this purpose, we first compute the compliance value, the expected compliance value and the variance value of each structure. Then, similarly to our previous work [10, 11] , we perform a risk analysis of the scenarios generating high compliance values in the structure (called extreme scenarios). To this end, for each η (α,β) , we consider the random variable Φ η (α,β) = Ψ(ξ, η (α,β) ). We approximate the density function of Φ η (α,β) , denoted by γ Φη (α,β) , by using a Monte-Carlo approach [20] that generates M ∈ N possible scenarios (i.e., values of ξ). Finally, we calculate two representative statistical values of γ Φη (α,β) associated to extreme scenarios: its maximum value and its ν%-Coherent-Value at Risk (C-VaR ν ).
The ν%-Coherent-Value at Risk (C-VaR) is a risk measure defined as:
where ν is a percentile, χ ∈ L ∞ (B, F, P), (B, F, P) is a probability space, and ν χ is the density function of χ. C-VaR ν corresponds to the average value of the worst ν % case scenarios of χ (i.e., the ν % highest values of χ). A presentation and an application of C-VaR can be found in [20] . In our case, we have χ = Φ η (α,β) . Here, we consider M = 1000 and ν = 5% [10] .
Numerical Results
We present in Sections 4.2.1-4.2.4 the results obtained by considering the parameters detailed in 4.1.5 and the sets of benchmark cases described in Sections 4.1.1-4.1.4. Only relevant results (i.e., that help to understand the analysis of the behavior of the model) obtained with the numerical experiments are reported. For instance, in Section 4.2.2, the maximum and Coherent Value at Risk values of the compliance are omitted as they are not needed for analyzing the impact of the perturbation law on the structure geometry.
Robustness of structures regarding (α; β)
The results found with the numerical experiments presented in Section 4.1.1 are summarized in Table 2 . The 2D density distributions η (α,β) , when (α, β) ∈ Σ for the MICH2D, and DOME2D cases are shown in Figures  3 and 4 , respectively. The 3D density distributions η (α,β) , when (α, β) ∈ Σ for the MICH3D and DOME3D problems are depicted in Figures 5 and  6 , respectively.
As the benchmark cases studied here are quite numerous and the conclusions are similar between them, we will only exhibit some general tendencies regarding the behaviour of our model when considering different values of α and β.
We can observe in Table 2 , that minimizing only the compliance and not considering the expected compliance nor the variance (i.e., η comp ), we obtain structures robust to the main load (i.e., for each problem, η comp shows the lowest compliance value). However, η comp is generally less stable to load perturbations than the structures from η (1, 0) the C-VaR 5 and Maximum compliance values of η comp are 117 and 361, respectively, which represent an increase of 300% when regarding the C-VaR 5 and Maximum compliance values of η (1, 0) up to η (0.25,0.75) . In counterpart, the compliance values of η (1, 0) up to η (0.25,0.75) are only between 20% and 30% higher than the η comp one. This seems to indicate that considering the Variance-Expected Compliance model should help to generate structures better adapted to perturbed loads scenarios (i.e., which present reduced deformations in cases of severe perturbations) than the classical compliance model. However, the choice of (α, β) is important as in some rare cases, the η (α,β) structure exhibits worst characteristics than η comp . For example, in the MICH2D Problem, η (0.25,0.75) and η (0,1) have higher compliance, C-VaR 5 and Maximum compliance values than η comp . Similar phenomenons were also reported in the truss framework in [10] and in the topology cases (but with a different modeling approach) in [15, 18] .
When comparing the effect of the weight coefficients (α, β) on the solutions, we can observe that if our objective is to reduce the extreme scenarios compliance (i.e., reduce the C-VaR 5 or the Maximum compliance values) both values α and β should be strictly positive. For instance, for the MICH3D Problem, η (0.5,0.5) shows the lowest C-VaR 5 and maximum compliance values whereas, for the DOME3D case, η (0.75,0.25) is the most resilient structure to strong perturbations. This seems to indicate that for each particular design problem, if we are interested in managing severe perturbations, a previous study on the values of (α, β) should be performed in order to determine their optimal values.
From a general point of view, when we raise β the value of the variance of the compliance decreases and the expected compliance increases. Indeed, as observed in the truss case [10] , when we increase the variance weight, we increase the robustness of the structure to the perturbed loads whereas it becomes weaker to the main load. This can be observed on the evolution of the density distribution η (α,β) in function of (α, β). More precisely, regarding Figures 3 and 5 , for the MICH2D and MICH3D cases, there is a mass transfer phenomena when β increases from the diagonal 'bars' (supporting the vertical main load) to the floor of the structure (which offer a good resistance to the perturbed loads in the plane z = 0). Considering the DOME2D and DOME3D cases, there is a material transfer when β raises from the upper part of the dome (sustaining the main load) to the 'feet' of the structure (which offer resistance to horizontal perturbations).
The rates of increase/decrease of the expected compliance and variance values according to the weight coefficients (α, β) depend on the studied design problem. For instance, on the one hand, for the DOME3D experiment the expected compliance raises 12% and the variance decreases 12% when comparing η (1, 0) with η (0,1) . On the other hand, for the MICH3D case, the expected compliance is increased by 60% and the variance decreased by 25% when considering η (1, 0) in front of η (0,1) . As said previously, the choice of (α, β) should be adapted to the considered design problem.
HOBR2D-N
From a general point of view, those conclusions are consistent with other similar studies [10, 15, 18] that show, for modeling techniques different to the one presented here, the interest of considering Variance-Expected compliance terms, with a good ratio between them, to generate structures that are robust to random loads.
Law of the perturbation
The results found with the numerical experiments presented in Section 4.1.2 are summarized in Table 3 . Some representative density distributions η N (α,β) and η U (α,β) for the HOBR2D-N and HOBR2D-U cases are shown in Figure 7 .
As we can observe in Table 3 , in both cases HOBR2D-N and HOBR2D -U, the proposed methodology allows to improve the expected compliance and variance values according to the parameters (α, β). The values reported in the uniform law case are higher than in the normal law one. This result is expected since, on the one hand, considering the uniform law, high perturbations scenarios have the same probability to occur than low perturbations ones. On the other hand, considering the normal law, small perturbation scenarios have much more probability to occur than other ones.
Regarding Figure 7 , we observe that the shape of η U (α, β) and η N (α, β), for a fixed value (α, β), are quite different. In the uniform law case the two main inclined columns are thicker than the normal law case. Indeed, as said previously, since important perturbation scenarios occur more frequently those two columns offer a better resistance to lateral perturbations.
As said above, in [15] a similar example is also given to show the impact on the structure shape of considering different random laws. However, the results presented in [15] show very slight changes between laws. This difference can be explained by the choice of different mean and variance values of the load perturbations, set to -1.6 and 0.17, respectively. Indeed, the authors consider a random perturbation which always impact the main load within a small range of variation. In our work we consider perturbations with mean 0 and a stronger variance of 0.25. However, in both works, results point out the fact that, considering a expected compliance-variance model, the random law used to model the perturbation behavior should be chosen carefully as it impacts the final structure shape.
Variance of the perturbation
Here, we study the cases presented in Section 4.1.3. The results are summarized in Table 4 . The density distributions of the considered solutions are depicted in Figure 8 .
As we can see in Table 4 , the values of the compliance and the expected and variance of compliance increase strongly as σ is raised. This increase (α,β) , for fixed values of (α, β), as observed in Figure 8 . For instance, from σ = 0.5 to σ=2, we see the emergence of diagonal bars that help the structure to support strong lateral perturbations. Those bars become thicker from σ=2 to σ=5 as the horizontal perturbations variance is raised. We note that, from σ=5 to σ=10, changes are very slight (we do not show the results here) which seems to indicate that at a certain value of the perturbation of the variance the structure does not suffer major modifications.
Similar results were also observed in [15, 16] . Again, due to the considered perturbation characteristics and modeling (in Dunning et al. only the minimization of expected compliance is considered), structure changes in those articles are slighter than in this work. In particular there is no emergence of diagonal bars. In any case, a good estimation of the variance of the perturbation is necessary to generate structures robust to loads and their perturbations.
Dependence of the perturbations
Here we study the cases presented in Section 4.1.4. We show in Figure 9 the density distributions of the some relevant solutions of Problems CLDP2D and CLDP2I.
As we can observe in this figure, the topology of the shape solutions changes when considering or not dependence of the random perturbation of loads. Indeed, in the independent case a vertical bar liking the nodes (360,0) and (360,180) appears providing resistance in cases of perturbations occurring in different directions. In the dependent case (here perturbations are the same), this bar does not appear and the other bars are slightly reinforced. This example shows the importance of considering or not dependence in random loads, as this choice affects the final geometry. Furthermore, as said in Section 2, regarding other models in [15, 19, 18] our approach is better suited to treat such cases.
Conclusions
In this work, we have presented a Variance-Expected Compliance model to solve stochastic topology optimization problems.
The behavior of this model was studied numerically by considering a finite element implementation and various 2D and 3D benchmark cases. In particular, we have studied the impact on the solution characteristics (i.e., 0 compliance thresholds and shape) of (i) the expected value and variance weight coefficients, (ii) the laws used to describe the random loads, (iii) the variation of the perturbation variance and (iv) the dependence or independence of the perturbations. We have seen that considering our approach the solutions given by our model are strongly related to those four characteristics. This was also observed, considering different models for truss or topology optimization, in previous literature (see [8, 10, 11, 15, 19, 16, 18] ). In addition, the obtained results seem to indicate that our formulation with suitable weight coefficients allows to generate structures that are robust to main loads and their perturbations in case of extreme scenarios.
In future works, we will deeply investigate the effect of the dependence of loads perturbations. Moreover, we aim to improve the algorithm proposed here, considering fast and efficient optimization methods. Additionally, we will consider probabilistic constraints in the framework of reliability based optimization design.
